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Abstract: This communication describes the FDTD-FETD-
MoMTD and the ADI-FDTD/MoMTD time-domain hybrid
techniques.  They are applied to analyze complex electromagnetic 
problems such as those involving thin-wire antennas radiating in 
the presence of arbitrary objects. The methods combines the ability 
of the FDTD to deal with arbitrary material properties, the
versatility of the FETD to accurately model curved geometries, that 
of the MoMTD to analyze thin-wire structures, or that of the ADI-
FDTD formulation of not imposing conditions on the duration of 
the temporal interval. Attention is paid  to the algorithms  that 
connects the different  techniques. Representative numerical 
results are given and discussed
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Introduction

To study problems involving transient or broadband
interactions, time-domain numerical techniques are a powerful 
tool that not only may present computational advantages over 
frequency domain approaches but permit the straightforward
analysis of non linear problems and the separation of causes and 
effects in a natural way.

Very often   the problems to be analyzed  are so complex that no 
single numerical method is optimum to simulate the whole 
geometry  because different parts are best suited to different 
formulations.  Then, each part can be solved with the method that 
is most appropriate for it. In other words, a very convenient 
alternative can be to use hybrid methods, which combine the
desirable features of two or more different numerical techniques 
[1]. Examples of such problems include those comprising
arbitrarily-oriented, thin-wire antennas and arbitrary  scatterers,
which, in Electromagnetic Compatibility, are applied in areas such 
as calculating the coupling to cable systems, shielding using thin-
wire structures, etc.

The explicit Finite Differences Time Domain (FDTD) method is 
extensively used to simulate complex electromagnetic problems 
because of  its  simplicity  and versatility   to accurately analyze
inhomogeneous bodies with arbitrary material properties [2].
However the  FDTD  method is not flawless  and present certain
drawbacks when dealing with several kind of problems.  For
example,  for objects  with curved boundaries the staircasing 
approach employed in the conventional FDTD method can
introduce significant errors into the solution unless very dense 
grids are used to accurately resolve the variations in the geometric 
features, with a consequent increase in the computational demands 
[3]. Different FDTD approaches have been successfully applied to 
the analysis of thin-wire antennas that are oriented with their axis 
parallel to de FDTD grid [4] but FDTD has also problems to deal 
with arbitrarily oriented or curved thin-wire structures. Besides, in 
the traditional explicit FDTD algorithm, the time increment cannot 
exceed the Courant stability limit, and therefore the maximum 
time-step size is restrained by the smallest spatial increment in the 

computational domain This means that when a fine mesh is needed 
to model part of the computational domain, the Courant condition
may result in an oversampling in time which leads to unnecessary 
high computation times.

There are other numerical techniques that, in some cases, overcome
the above mentioned shortcomings of the FDTD. The Method of 
Moments in the Time Domain (MoMTD) [5] is ideal for dealing 
with arbitrarily oriented or curved thin-wires but they have to be 
embedded in free space. The Finite Element Time Domain (FETD) 
[6] technique employs unstructured grids that accurately model 
curved geometries although applying the FETD alone also presents 
certain drawbacks because, unlike the FDTD, the execution of the 
FE requires the solution of a matrix equation, which the consequent 
demands in computer memory resources. Finally, the Alternating 
Direction Implicit FDTD scheme (ADI-FDTD) [7, 8] eliminates
the restriction imposed on the temporal interval by the Courant 
stability condition  and therefore very fine spatial grids can be 
chosen without that implying extremely short time steps. The time
step is only  constrained  by  the maximum significant spectral 
component of the transient excitation.

In this communications two time-domain hybrid techniques are 
presented for dealing with the above mentioned problem of an 
arbitrarily thin-wire antenna radiating in the presence of an 
inhomogenous arbitrary scatterer as the one plotted in Fig. 1. They 
are:

• The FDTD-FETD-MoMTD that combines the MoMTD for
hadling the thin-wire antenna, the FETD for objects with curved 
geometries and the FDTD for the rest of the configuration. This 
method was briefly described in [9].

• The new ADI-FDTD/MoM formulation that extends the
applicability of  previous hybrid schemes between the explicit 
FDTD and the MoMTD to deal with the transient excitation of thin
wire antennas located in the proximity of objects with electrically 
small features.

Representative numerical results showing the accuracy and
capability of both hybrid methods to deal with complex problems 
will be given and discussed in the presentation.

The FDTD-FETD-MoMTD hybrid technique

The FDTD-FETD-MoMTD technique is based on the application 
of Huyghen’s equivalence principle, it starts by dividing the
original problem into two sub-problems (see Fig. 1). One of these, 
which contains the thin-wire antenna, is solved by using the MoM -
TD as described in [5], while the other, which deals with the 
dielectric materials and arbitrary geometries, is handled via the 
FETD-FDTD hybrid scheme. These two sub-problems are
connected by applying the equivalence principle and a time-
stepping procedure is implemented as follows: 



Figure 1. Thin wire antenna in front of an arbitrary object

Step1: An imaginary surface S is introduced in the homogenous 
region that encloses the thin wire antenna. Equivalent electric and 
magnetic sources on S are deduced at each time step from the 
electric and magnetic fields created by the antenna radiating in a 
homogeneous space. These fields are obtained from the currents on 
the antenna that have been previously calculated by solving the 
EFIE via the MoM -TD approach. They reproduce the correct 
incident fields outside S and vanishing fields inside it.

Step 2: Next, a combination of the FETD and FDTD algorithms is 
employed in the entire computational domain, including the region 
interior to S, after removing the thin wire antenna and replacing it 
by equivalent sources. Also, an FETD mesh is used in the
neighborhood of the curved geometries, while the FDTD is
employed elsewhere. The field scattered by the dielectric is
obtained only inside S (scattered field zone), whereas the fields in 
the region outside S (total field zone) represent the sum of the 
incident and scattered field contributions. In the absence of the 
wire antenna, the FDTD solution inside S represents the field 
backscattered by the surrounding environment. This contribution is 
explicitly accounted for in the process of solving the EFIE via the 
MoM approach at each time step.

Step 3: The FE formulation in the time domain employs curl-
conforming vector edge basis functions for discretizing the second-
order vector wave equation. The resulting equations are solved by 
using an unconditionally-stable procedure that makes use of a
mixed backward and central difference scheme with two stability 
parameters 1Θ  and 2Θ [6]. The interlacing between the FE and 
FDTD computational domains is based upon the technique
presented earlier in [10] for two-dimensional problems, and it does 
not require an overlapping region. This feature, in turn, enables one 
to fully exploit the capabilities of modern mesh generators utilizing 
general type of elements. Indeed, the hybridization of the FDTD 
and FETD schemes is realized by using the electric field only at a 
single location on the interface, thus circumventing the need for an 
overlapping region between the FDTD and FEM domains. We note 
that some values of the magnetic field at a location inside the FE 
region are needed for the time-marching scheme. We address this 
problem by first identifying the tetrahedral element in the FE
region, which contains the point location of the desired magnetic 
field, and then evaluating it from the knowledge of the electric 
fields in the element. It is important to point out that, in the most 
general case, the tetrahedral element is different for each
component due to the staggered location of the magnetic field 
components. Indeed, this is crucial for implementing the three-
dimensional hybrid procedure in a correct manner.

Particular cases of the FDTD-FETD-MoMTD algorithms are the
FDTD-FETD [10]  and the FDTD-MoMTD [11]. Note that they
are straightforwardly deduced by just omitting the MoMTD or the 
FETD part respectively  from the explanations given in this
section.

The ADI-FDTD/MoMTD

The hybrid FDTD-MoMTD is quite general in its application but 
since it employs the traditional explicit FDTD algorithm, the time 
increment cannot exceed the Courant stability limit, and therefore 
the maximum time-step size is restrained by the smallest spatial 
increment in the computational domain. This means that when very 
fine meshes are needed to model part of the computational domain, 
this causes an extremely short time step and therefore requires high 
computation times. Furthermore, in some cases, the hybrid FDTD-
MoMTD technique leads to unstable results. We propose an
alternative hybrid method that combines the ADI-FDTD scheme 
with the MoMTD for the study of  thin-wire antennas radiating in 
the presence of inhomogeneous dielectric bodies. The ADI-FDTD
scheme [7, 8] eliminates the restrictions imposed by the Courant 
stability condition. It is an unconditionally stable algorithm based 
on  an implicit-in-space formulation of the FDTD and it is well 
suited for dealing with electrically small structures. As the stability 
limit for the time increment is removed, in the hybrid ADI-FDTD-
MoMTD method it is possible to choose the time increment 
independently of the space increment and, when dense spatial grids 
are needed to model electrically small features of the problems, it 
does not necessarily implies the use of small time increments,  with 
the consequent saving in computational time. Moreover the  new 
hybrid method does not exhibit the late time instabilities observed 
in some cases in the  hybrid explicit FDTD-MoMTD method. 

As in the FDTD-MoMTD, the hybridization technique is based 
upon the use of the Huygens' principle and part of the procedure is 
quite similar to the one described in the previous. In particular the 
steps to be followed are:

1) The original problem of a thin wire antenna located in the 
surrounding area of a heterogeneous dielectric body like the one 
shown in Fig.1. is divided into two subproblems: i) The thin-wire
antenna in free space and ii) the rest of the computational domain 
without the thin-wire antenna present.

2) The currents on the antenna at a specific time step nt  are 
computed by solving the EFIE by the MoMTD in terms of the 
known feed voltage at this time step, currents at previous time 
steps on the antenna and the fields scattered by the inhomogeneous 
body that have been previously calculated by the ADI-FDTD.

3) Equivalent sources on S are calculated from the fields radiated 
by the currents on the antenna..

4) Next, the two sub-steps [7, 8, 12] , globally leading from n  to 
n+1, of the ADI--FDTD algorithm are applied in the entire
computational domain, with the antenna still removed, yielding the 
usual  implicit (tridiagonal) updating scheme for the electric field 
and an explicit updating scheme for the magnetic field at each sub-

step. As it was explained in [12][] J  and M  must be evaluated
at 1/2n +  instead of at the usual 1/4n + 3/4n +  to have 

an accurate implementation of the sources in the hybrid scheme.

5) The application of the ADI-FDTD in the whole computational 
domain gives, inside S the extra incident field on the thin wire 
antenna necessary for solving the TDEFIE again. If the center of 
the segments in the wire, where the extra incident field is needed, 
does not coincide with points on the FDTD grid where that field is 
calculated,  linear interpolation in space is applied. Unlike what 
happens in the explicit FDTD-MoMTD, now the ADI-FDTD time
step can be synchronized with the time step utilized in the MoMTD 
(tipically much larger than the corresponding one in the standard 
FDTD step) avoiding, in same cases, interpolations in time to 
connect the FDTD and the MoMTD solutions. 
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Numerical results

As an example to show the performance of the method we have 
analyzed a V antenna located in the proximity of a perfectly 
conducting sphere, as shown in Fig 2. Each arm of the wire had a 

length of 10 cm, a diameter of 3 mm and an aperture 60oα = ;
the antenna is loaded with a Wu-King profile resistance. Two 
different positions of the sphere, whose radius was 10 cm, have 
been considered: in particular, the distance d between the antenna 
and the sphere was set to 27.5 cm in one case and 52.5 cm in the 
other. The sphere is buried in a dielectric medium with a relative 

permittivity 2rε = . The distance between the medium and the 

antenna is 12.5 cm. The antenna was modeled with 14 segments 
and excited at each of its two central segments by a gaussian 
source voltage with unit amplitude and a width of 0.833 ns 
(defined as the value at which the pulse reduces by a factor of 1/e). 
The FDTD computational domain comprises 80X80X80 cubic 
cells, 2.5 cm on a side. An FEM region, whose dimensions are 25 
cm X 25 cm X 25 cm, and which contains the PEC sphere was 
embedded in the FDTD computational domain. The region
between the sphere and the FDTD domain was meshed by using 
3742 tetrahedral elements with 5639 edges, which include 1800 
boundary edges and 690 PEC edges. The time step was 4.8 10-11

sec, and the FETD stability parameters were chosen to be 1Θ =0.2

and 2Θ =0.3. In Fig. 2, we show the z-component of the electric 
field vs. time calculated at a point located 5 cm far from interface 
between the medium and free space (point P in the same Fig. 2 
between the sphere and the antenna). In the same figure, we plot 
the results (continuous line) obtained at the same location P, when 
the sphere is absent.
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Figure 2. Thin wire antenna in front of an arbitrary object

Next  we present results of applying the hybrid ADI-
FDTD/MoMTD method to the simulation of a breast--tumor
detection system. Our aim is to illustrate the performance of the 
new hybrid approach and to compare it with that of the explicit 
FDTD--MoMTD. A V-antenna designed with the aid of Genetic 
Algorithm techniques[13]is used to illuminate a model of a breast 
with a malignant tumor inside, as depicted in Fig. 3. Each arm of 
the antenna is 6.4 mm long, has a diameter of 0.064 mm and an 
interior angle of  47O, and is fed at its center with a differentiated 
Gaussian pulse voltage source

2 2 2 9 -1( ) -2   exp{- } ( )  25 10 ( )v t g t g t V g s= = (1)

thus ranging from 1.8 GHz to 10.8 GHz in frequency. The
computational model of the breast consists of a hemisphere of 
100mm diameter, on top of a half-space (see fig. 3 ), covered by a 

2 mm-thick layer of skin. The antenna is placed in the yz-plane
8.6mm above the skin. The breast and the antennas are immersed 
in free space. The tumor, which is a 5 mm diameter sphere, is 
centered 32 mm below the skin. The electrical parameters are taken 
constant, for simplicity, in the full frequency interval, from their
Debye model [14][at the frequency of the maximum spectral
amplitude of the feeding pulse (5.6 GHz): for the normal breast and 

the half space 09.85e e= , 0.35 S/ms =  for the tumor 

046.76e e= , 3.8 S/ms = , and for the skin 036e e= ,

4 S/ms = . With these values the minimum wavelengths in 

each media are: in the air 27.70mm, in the normal breast 8.9mm, in 
the tumor 4.1mm, in the skin 4.6mm.

Figure 3. Computational model of a breast tumor detection 
system (all dimensions in mm)

An eight-cell layer split Berenger's PML [15] absorbing boundary 
for ADI-FDTD [liu2000a] modified for lossy material was
employed to truncate the computational space. To apply the hybrid 
ADI-FDTD-MoMTD technique, a Huygens´ surface of dimensions 
3 mm x 19.5 mm x 9 mm was located around the antenna, dividing 
the computational space into a zone of total field (outside it) and 
scattered field (inside). A non-uniform graded spatial mesh was 
chosen, with a minimum resolution of 10 cells per wavelength (at 
the maximum frequency) in each different medium, thus resulting 
in spatial increments that are around 7 times smaller inside the 
tumor than in the free space surrounding the breast-tumor
configuration. The time increment used in the FDTD simulation, 
for stability reasons, is related to the minimum space increment 
while that for the ADI-FDTD is chosen so as to accurately resolve 
the time variation of the signals. For the ADI-FDTD procedure, we 
sampled each period at the maximum frequency with 10 points, 

while we had to use 70/ 3 samples per period for the explicit 

FDTD procedure (the Courant limit for the minimum cell size).
Although our ADI-FDTD program was not fully optimized, for this 
simple case the ADI-FDTD-MoMTD procedure was roughly 6 
times faster than the explicit FDTD--MoMTD method.

Figs 4 (and 5 in more detail) show the zE field at point P (Fig. 3)
outside the Huygens' box (total field) 1mm above the skin,
calculated with both methods. Excellent agreement is found before 
the explicit Yee ADI-MoMTD becomes unstable. As the
instabilities appear before the signal scattered by the tumor has 
been completely recorded, the performance of the ADI-based
method is much better than that of the explicit scheme for detecting 
and localizing the tumor (comparison with a tumor free case 
computed with the ADI-FDTD-MoMTD procedure is also plotted 
for reference). We believe that the origin of the instabilities is 
related to the excitation of unstable modes of the explicit scheme 
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by the MoMTD method, which does not occur in the ADI--FDTD
method due to its unconditional stability.

Figure 4. Electric field (z-component) at an observation point
P outside the Huygens' box (1 mm above the skin)

Figure 5. Detail of EZ at an observation point P outside the 
Huygens' box (1 mm above the skin)
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